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ABSTRACT
We investigate the effects of numerous dark matter subhalos in a galaxy-sized
halo on the events of strong lensing, to assess their presence as expected from
the cold dark matter scenario. Lens galaxies are represented by a smooth
ellipsoid in an external shear field and additional cold dark matter subhalos
taken from Monte Carlo realizations which accord with recent N-body results.
We also consider other possible perturbers, globular clusters and luminous
dwarf satellites, for comparison. We then apply the models to the particular
lens systems with four images, B1422+231 and PG1115+080, for which smooth
lens models are unable to reproduce both the positions of the images and their
radio flux ratios or dust-free optical flux ratios simultaneously. We show that
the perturbations by both globular clusters and dwarf satellites are too small
to change the flux ratios, whereas cold dark matter subhalos are most likely
perturbers to reproduce the observed flux ratios in a statistically significant
manner. This result suggests us the presence of numerous subhalos in lens
galaxies, which is consistent with the results of cosmological N-body simulations.
Subject headings: cosmology: theory – galaxies: formation — gravitational
lensing — large-scale structure of universe — dark matter
1. Introduction
The cold dark matter (CDM) scenario for structure formation in the universe has been
quite successful to explain a wide variety of observational results, including characteristic
fluctuations of the cosmic microwave background and large-scale structure of galaxies on
scales larger than ∼ 1 Mpc. The currently best world model, which accords with the results
of many cosmological observations, consists of approximately 30 % CDM and 70 % vacuum
energy or quintessence (Bahcall et al. 1999).
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However, the recent advent of high-resolution N-body simulations on CDM-based
structure formation has enabled to highlight various discrepancies with existing observations
on scales smaller than ∼ 1 Mpc (see, e.g., Dave´ et al. 2001 for each piece of conflicting
evidence and relevant references). One of the most serious issues is that CDM models
predict the existence of several hundred clumps or “subhalos” in a galaxy-sized halo, in
sharp contrast to the observed number of about dozen Milky Way satellites (Klypin et al.
1999; Moore et al. 1999). Also, this large number of subhalos appears to conflict with the
observed thinness of disk components, since they play a dynamical role in the heating of
disks (To´th & Ostriker 1992). Recently proposed arguments to preclude these difficulties in
CDM models include: (1) formation of satellite galaxies may have been largely suppressed
by photoionization on a cosmological scale (Bullock et al. 2000), and (2) CDM subhalos in
the context of the vacuum-energy dominated universe may not be efficient perturbers for
the heating of disks (Font & Navarro 2001). If these arguments are the case, then we expect
the existence of many dark subhalos around a galaxy like the Milky Way. Alternatively,
CDM models may differ from their standard representation on small scales (Spergel &
Steinhardt 2000; Kamionkowski & Liddle 2000).
If CDM models on scales ∼< 1 Mpc remain valid in the above sense, then the question
arises as to how we assess many dark subhalos in a galaxy? There is an intriguing possibility
that some or all subhalos may associate primordial gas which has failed to form stars, in
the form of the observed High Velocity Clouds (Blitz et al. 1999). However, observational
evidence is not fully convincing enough to accept this hypothesis.
Here, we focus on the effects of such mass substructure on strong lensing phenomena,
where a host galaxy or its halo plays a role in splitting an image of a background source.
Mao & Schneider (1998, hereafter MS) pointed out that in some lensed systems, any ‘simple’
lens models, represented by a smooth gravitational potential, fail to reproduce observed flux
ratios among multiple images, especially radio flux ratios which exempt from dust extinction
and microlensing in a lens galaxy, while image positions are successfully recovered. They
then considered the possibility that flux ratios may be strongly affected by substructure in
a lens, by employing uniformly distributed point masses and plane-wave perturbations to
study the effects of globular clusters and spiral arms, respectively. Applying their perturbed
lens model to the four-image QSO, B1422+231, they concluded that the required density
perturbation for explaining the observed discrepant flux ratios in this lensed QSO is of the
order of 1 % of the critical surface density in its lens galaxy.
Our aim in this paper is to investigate whether the existence of numerous CDM
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subhalos in a galaxy is assessed by applying the MS methodology to lens galaxies1.
We consider three possible perturbers to lensed images: globular clusters, luminous
dwarf satellites, and CDM subhalos. In contrast to MS, we take into account a realistic
representation of globular clusters by adopting their observed number and surface density
distribution in external galaxies (e.g. Harris 1991). The properties of CDM subhalos are
taken from published N-body simulation results (Klypin et al. 1999). We consider two lens
systems, B1422+231 (source redshift zS = 3.62, lens redshift zL = 0.34) and PG1115+080
(zS = 1.72, zL = 0.31), which exhibit most discrepant flux ratios among any other lens
systems. The foreground lens galaxies of these systems are known as elliptical galaxies, so
that the possibility of spiral-arm perturbations to the lensed images is excluded. Unless
otherwise stated, we adopt the set of the cosmological parameters, Ω = 0.3, Λ = 0.7, and
h = 0.7 (h ≡ H0/100 km s
−1 Mpc−1) in this work.
2. Lens Model and Method
2.1. Smooth Lens Model
B1422+231 shows the colinear, three highly magnified images A, B, and C, and the
additional faint image D located near the lens galaxy. This configuration of the images
suggests that the source is close to and inside a cusp singularity provided by the lens.
PG1115+080, also having four lensed images, shows the close pair of the images A1 and
A2, and this configuration emerges if the source is close to and inside a fold caustic. Figure
1 shows the configuration of the observed lensed images (open circles). In such lens systems
associated with a cusp or fold singularity, there exist a universal relation between the image
fluxes, i.e., (A+C)/B= 1 or A2/A1= 1, whereas the observed flux ratios violate these rules
significantly (MS; Impey et al. 1998), as described below. Several different lens models have
been constructed to attempt to reproduce both the image positions and flux ratios of these
lens systems, but all of the previous models have been unsuccessful (e.g., Hogg & Blandford
1994; Kormann et al. 1994; MS; Impey et al. 1998). While each of the models differs in its
parameterization, the observed discrepancy in the flux ratios, compared with the expected
universal relation from a cusp or fold singularity, suggests that it is an intrinsic difficulty
for smooth lens models, not associated with a particular parameterization.
The choice of the smooth lens model is complicated by basically an infinite number
1Since this paper being submitted, a new investigation has also appeared in astro-ph (Metcalf & Madau
2001) which explores similar issues and reaches compatible conclusions.
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of degeneracies, where different models yield different image amplifications. However,
since the above issue of the failure to explain the singularity-related image configurations
and flux ratios are generic in any smooth models, it may be sufficient to consider here a
single smooth lens model to be applied to both lens models, in order to clarify to what
characteristic extent each of the three perturbers, globular clusters, dwarf satellites, and
CDM subhalos, affects the concerned images.
Here, we select, as a smooth lens model, a singular isothermal ellipsoid (SIE) in an
external shear field (Kormann et al. 1994) to take advantage of its simplicity. This model
has been widely used in lens modeling and successful to reproduce many other lens systems
(e.g. Keeton et al. 1998). An isothermal profile for the total mass distribution of elliptical
galaxies is well supported by the detailed dynamical studies of local ellipticals (Gerhard et
al. 2001), individual lens modeling, and statistics (e.g. Maoz & Rix 1993; Kochanek 1995;
Grogin & Narayan 1996). The inclusion of an external shear field appears to be necessary
both to improve the fits of lens models to the data and to make an axis ratio distribution of
individual lenses being consistent with the observed axis ratio distribution of light (Keeton
et al. 1997). We believe that this model provides a sufficient representation for our purpose
here to show the effects of substructure and also for comparison with MS’s work utilizing
the same model. Our smooth model holds ten parameters: critical angular scale (Einstein
radius in an angular scale) characterizing the strength of the lens potential θ0, axis ratio f
of the lens, position angle φg of its semi-minor axis, strength and direction of the external
shear (γ, φs), source position on the source plane, lens galaxy position on the lens plane,
and unlensed source flux.
The observational constraints are the positions and fluxes of lensed images, and the
galaxy position. For B1422+231, we take Hubble Space Telescope (HST) observations with
the Faint Object Camera by Impey et al. (1996). The positions and flux ratios with respect
to the image B are taken from their Table 1 and 2 (after correction of the typos noted by
MS), and we adopt the uncertainties, 0.”01 and 0.02, for image positions and their flux
ratios, respectively, and slightly more conservative uncertainty for the galaxy position,
0.”015. It is worthwhile to note that the optical flux ratio A/B (= 0.78 ± 0.02) deviates
largely from the radio flux ratio (= 0.98 ± 0.02) (Patnaik et al. 1992), while other flux
ratios, C/B and D/B, are nearly the same in the optical and radio. For PG1115+080,
the image and galaxy positions, flux ratios, and their uncertainties are taken from the
observation with the HST near-infrared camera multiobject spectrograph (NICMOS) by
Impey et al. (1998). PG1115+080 is radio quiet, but Impey et al. (1998) concluded that
the lens galaxy is dust free, as the flux ratios show little variation with wavelength.
Given the above observational constraints, we undertake the χ2 fitting to find the best
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model parameters. For B1422+231, we follow MS’s procedure, i.e. the discrepant flux ratio
A/B between the optical and radio is excluded in the χ2 measure. Figure 1 also shows the
best-fit image positions (crosses) and source position (solid circles), and Table 1 tabulates
the list of some basic lens parameters, which are essentially the same as and similar to
the MS and Impey et al. results for B1422+231 and PG1115+080, respectively. The
model reproduces very well the observed image positions within 1 σ of the observational
uncertainties. However, notable discrepancies remain in the flux ratios, as already noted by
MS and Impey et al. (1998).
As mentioned above, the configuration of three bright images A, B, and C in B1422+231
suggests that the source is close to and inside a cusp (as shown in Figure 1), thereby leading
to the expectation that the flux ratio (A+C)/B is close to 1 (1.25 in the current model
fitting). In contrast, the radio observation shows the much larger flux ratio, 1.50 ± 0.02.
For PG1115+080, the close pair of A1 and A2 emerges if the images are symmetrically
arranged near a fold caustic (Figure 1) and the expected flux ratio A2/A1 is unity (0.92 in
the current fitting), whereas the observed flux ratio, 0.65± 0.02, deviates significantly from
1. These discrepant flux ratios have never been solved in previous lens models with smooth
mass distributions (MS; Impey et al. 1998).
2.2. Substructure Models
Given the above smooth lens potentials, we consider three particular realizations for
the substructure in lens galaxies: globular clusters, luminous dwarf satellites, and CDM
subhalos. For all of these perturbing masses, we assume a point mass model, as their spatial
scales are negligibly small compared to dimensions of host galaxies and their locations
relative to undisturbed lensed images are generally larger than their Einstein radii.
For globular clusters, we adopt the observed empirical relation for their surface number
density, Σgl, and total number, N , in E/S0 galaxies (Harris 1976; 1991). According to
Harris, Σgl is generally written as a power-law function of the distance from the galactic
center, Σgl ∝ R
α, where α correlates with absolute V magnitude of a host galaxy, MV , as
α = −0.28MV − 7.9. The coefficients in this relation correspond to the case h = 0.75. The
total number, N , can be derived from the relation between the so-called specific frequency
of clusters, SN , and MV of a host galaxy, as SN = N10
0.4(MV +15) (for h = 0.75). For
the concerned lens ellipticals located in field or small groups, not clusters of galaxies, the
average value of SN is estimated as 2.6± 0.5 (Harris 1991). The last two columns of Table
1 tabulate our estimate of α and N , where we adopt MV = −20.62 mag and −20.86 mag
(for h = 0.75) for the lens galaxies of B1422+231 and PG1115+080, respectively, based on
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the observed V magnitudes of lenses (Impey et al. 1996 for B1422+231; Christian et al.
1987 for PG1115+080) and K corrections (Poggianti 1997). We distribute these clusters
with a fixed mass of 5 × 105 M⊙ randomly within a circle with angular radius 10θ0, which
corresponds to linear radii, Rmax, of 38 (h/0.7)
−1 kpc and 52 (h/0.7)−1 kpc for the lens
galaxies of B1422+231 and PG1115+080, respectively.
For dwarf satellites, we adopt their velocity distribution function in the Local Group,
as fitted by Klypin et al. (1999, their eq. 1): N(> Vc) = 385(Vc/10km s
−1)−1.3 (h−1 Mpc)−3
for R < 200 h−1 kpc and Vc > 10 km s
−1, where Vc denotes the circular velocity. This
function is then reduced to the mass function, using the relation between Vc and mass
M in the spherical collapse model (e.g. Navarro, Frenk, & White 1997, hereafter NFW),
M = 2.2 × 108(Vc/10km s
−1)3 h−1 M⊙ at redshift of the concerned lens galaxies of 0.3.
Thus, the cumulative mass function of satellites, N(> M), within a spherical volume with
radius 200 h−1 kpc is given by
N(> M) = 13
(
M
2.2× 108h−1M⊙
)−0.4
, for dwarf satellites , (1)
and the differential mass function has a form of dN/dM ∝ M−1.4. The surface density
distribution of satellites is assumed to decline with radius as R−0.8, as supported by
observations of various external galaxies (Lake & Tremaine 1980; Lorrimer et al. 1994). We
assume Rmax = 200 h
−1 kpc for the distribution of the dwarf galaxies, to be consistent with
the adopted velocity function.
For CDM subhalos, we adopt the result of the high-resolution, cosmological N-body
simulation by Klypin et al. (1999). Using their eq.(3) for the velocity function of subhalos
derived by the ΛCDM simulation (i.e. for the case of Ω = 0.3, Λ = 0.7, and h = 0.7), the
cumulative mass function of subhalos within a spherical volume with radius 200 h−1 kpc is
given by
N(> M) = 168
(
M
2.2× 108h−1M⊙
)−0.9
, for CDM subhalos , (2)
and dN/dM ∝ M−1.9. Klypin et al.’s result for the ΛCDM simulation is formally valid
for Vc > 20 km s
−1, but we extrapolate their result to Vc = 10 km s
−1 (or M = 2.2 × 108
h−1M⊙) as their paper argues based on the higher resolution simulation. The surface
density distribution of these subhalos is derived from the projection of the NFW profile,
since their volume density appears to be well represented by the NFW profile (Ghigna et al.
2000). We adopt the length scale of the NFW profile as rs = 20 h
−1 kpc and Rmax = 200
h−1 kpc.
Figure 2 shows the adopted cumulative mass functions of dwarf satellites (dashed line)
and CDM subhalos (solid line) inside R = 200 h−1 kpc. As was emphasized by Klypin et
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al. (1999) and Moore et al. (1999), the number of CDM subhalos with mass greater than
108 − 109 M⊙ is an order of magnitude higher than that of the observed dwarf satellites in
the Local Group.
The presence of point masses around a host galaxy as described above yields a
perturbed lensing potential,
δψ =
N∑
i=1
m˜i
2
ln[(x1 − x1i)
2 + (x2 − x2i)
2] , (3)
where m˜i ≡ Mi/(ΣcrpiD
2
dθ
2
0). (x1, x2) and (x1i, x2i), i = 1...N , denote the positions of
an unperturbed lensed image and N point masses (having mass Mi) on the lens plane,
respectively. The critical surface density Σcr is defined as Σcr = c
2/(4piG) × DdDs/Dds,
where Dd, Ds, and Dds are angular diameter distances to the lens, to the source, and
between the lens and the source, respectively. We then generate these point masses on
the lens plane by Monte Carlo simulations following the spatial and mass distributions
described above, calculate the shear caused by the point-mass lenses (δγ1, δγ2) (where
perturbing convergence is zero), and estimate the total magnification of each lensed image,
as was explored by MS.
3. Results
3.1. Perturbed Flux Ratios
We plot, in upper panels of Figure 3, the probability distributions of amplification
ratios [in units of flux B in B1422+231 (left panel) and flux A1 in PG1115+080 (right
panel)], for globular clusters (dashed line) and dwarf satellites (solid line) as perturbers.
Solid bars denote the observed flux ratios of A/B and r (see below) in B1422+231 and
A2/A1 in PG1115+080, respectively. As is evident, both perturbers are not sufficient to
reproduce the observed flux ratios; the probability distributions are essentially represented
by δ functions. Left panel for B1422+231 also shows the probability distribution of a flux
ratio, r ≡ (A + B + C)/(|A| + |B| + |C|) introduced by MS. If these three images obey
the prediction of a cusp singularity, then r = 0. Our smooth lens model yields r = 0.113,
whereas the observed radio fluxes give r = 0.2. It is clear that the probability of r having
the value larger than the observed one (0.2) is null for globular clusters, whereas it is only
3.4 % for dwarf galaxies. For PG1115+080, the probability of A2/A1 having a deviation
smaller than the observed one (0.65) is null for globular clusters and 9.2 % for dwarf
satellites.
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On the other hand, as is shown in lower panels of Figure 3, the presence of CDM
subhalos yields the much larger probability of recovering the observed flux ratios: the
probability of A/B having a deviation larger than the observed one (0.98) is 21.3 % (25.3
% for r having a deviation larger than 0.2) for B1422+231, and the probability of A2/A1
having a deviation smaller than the observed one is 15.4 % for PG1115+080. Thus, our
present experiments suggest that numerous CDM subhalos around the concerned lens
galaxies explain more likely the observed flux ratios of the lensed images than globular
clusters and dwarf galaxies. It is interesting to note that the probability distribution is
more broadly distributed for higher magnification images, which is consistent with MS’s
analytical result. This implies that the effects of CDM halos are more easily seen in the
very bright images, which are associated with a fold or cusp singularity, than other ordinary
lensed images.
We have also examined the most realistic model by considering the presence of all
three populations in the lens mass distribution. For B1422+231, the resultant distributions
of the amplification ratios remain essentially the same as those for CDM subhalos only,
whereas for PG1115+080, the probability of A2/A1 having a deviation smaller than the
observed one is somewhat boosted, about 5 % larger than the case of CDM subhalos only.
It also appears that neither of the two lens systems are affected by the presence of globular
clusters.
So far, our estimation of flux ratios implicitly assumes that the additional amplification
of each image provided by substructure perturbations occurs independently of the events for
other images. However, there is a possibility that more than one image are simultaneously
affected by the same perturbations: if an ensemble of subhalos around the observed
images, not just one subhalo located close to only one of images, are involved in the
required perturbations to flux ratios, then there may exist a finite correlation between the
amplification factors of images.
Figure 4 shows, in the case of CDM subhalos, the amplification factors of two specific
images in B1422+231 (panels a and b) and PG1115+080 (c and d). The dotted lines denote
the unperturbed amplification factors and solid lines indicate the observed flux ratios.
It follows that in B1422+231, the perturbations to the images B and A are somewhat
correlated, whereas those to the images B and C are uncorrelated. Also in PG1115+080,
the perturbations to the images A1 and A2 are somewhat correlated but those to the
images A1 and B are uncorrelated. These properties suggest that the reproduction of the
observed flux ratios is associated with an ensemble of subhalos around the images B and
A in B1422+231 and around the images A1 and A2 in PG1115+080. We have actually
identified some number of subhalos around the above correlated images, by plotting the
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positions of subhalos when the observed flux ratios are reproduced.
This somewhat local nature of the perturbations is also the case for dwarf satellites,
but the significance of the correlation between the amplification factors of images turns
out to be slightly reduced. As a measure of correlation, we estimate the linear correlation
coefficient, r1, between the images B and A in B1422+231 and between the images A1 and
A2 in PG1115+080. For B1422+231, we obtain r1 = 1.94×10
−3 and −5.72×10−3 for dwarf
satellites and CDM subhalos, respectively, whereas for PG1115+080, r1 = −6.40 × 10
−4
and −7.71× 10−3, respectively. Although the significance of these difference in r1 between
dwarf satellites and CDM subhalos is not high (with the probability of 0.86, where a lower
probability indicates a higher significance), we have confirmed, by plotting the positions of
dwarf satellites, that only one satellite, located in the vicinity of either the image B or A in
B1422+231 and either A1 or A2 in PG1115+080, plays a role in reproducing the observed
flux ratios.
3.2. Perturbed Deflection Angles
We further calculate the perturbed deflection angles of the four macro images, δα,
caused by the perturbers. Figure 5a shows, for B1422+231, the probability distributions
p(δα) of δα for the four images, caused by globular clusters. The deflection of the images
A, B, and C amounts to only of the order of 0.”001, whereas the image D is subject to
a systematically larger deflection, ∼ 0.”0035, possibly due to its position very close to
the center of the lens galaxy, where larger number of clusters are distributed than at the
locations of other images.
Figure 5b shows the cases of dwarf satellites (dotted lines) and CDM subhalos (solid
lines) depending on the range of the flux ratio r. In upper panel, r is close to the value
obtained from the undisturbed, smooth lens model (0.09 ≤ r ≤ 0.13), i.e. near the peak
of its probability distribution shown in Figure 3, whereas lower panel corresponds to the
range near the observed value (0.18 ≤ r ≤ 0.22). It follows that dwarf satellites produce the
deflection angles less than 0.”01 with a peak at ∼ 0.”003 for 0.09 ≤ r ≤ 0.13, whereas the
reproduction of the observed flux ratio is accompanied by much larger deflection angles,
as is seen for 0.18 ≤ r ≤ 0.22. This is consistent with the fact that the reproduction of
the observed flux ratios is associated with one dwarf satellite in the vicinity of one of the
images, so that the deflection angle is large.
Figure 5b also indicates that CDM subhalos yield a systematically larger deflection
than other perturbers: a typical value of δα ranges from 0.”01 to 0.”02. Also, p(δα) in
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the case of 0.18 ≤ r ≤ 0.22 including the observed value r = 0.20 is basically similar to
the case of 0.09 ≤ r ≤ 0.13, thereby indicating that the observed flux ratio which largely
deviates from the smooth-lens prediction is not accompanied by very large deflection of
one of the images; an additional amplification of the images is supplied by an ensemble of
CDM subhalos around more than one image, not just one subhalo being very close to one
of images.
4. Discussion and Concluding Remarks
We have investigated the possibility that the large number of CDM subhalos in a
galaxy-sized halo, as suggested by recent high-resolution N-body simulations, can affect
flux ratios in multiply-imaged lens systems in a statistically realistic level. Our Monte
Carlo models based on the N-body results have shown that the observed flux ratios in
B1422+231 and PG1115+080, both of which deviate significantly from the predictions of
any simple lens models, can be reproduced by the perturbations of CDM subhalos, with a
finite probability ranging from 15 % to 25 %. The corresponding perturbation to a smooth
lens potential is of the order of 1 % of the critical surface density, which is consistent with
the MS result based on their toy model. On the contrary, the realizations of globular
clusters, in accordance with the observed properties of their specific frequency and spatial
distribution, are unable to produce any change in flux ratios, whereas luminous dwarf
satellites as observed in the Local Group are unsatisfactory to explain the observed flux
ratios in a statistically significant level.
Our experiments have also indicated that lensed images with higher magnifications
are more easily affected by substructure in a lens, which is consistent with MS’s analytic
result. In this sense, the lens systems employed in this work, B1422+231 and PG1115+080,
are particular examples, because of the large magnifications of the images A, B and C in
B1422+231 associated with a cusp singularity, and of the images A1 and A2 in PG1115+080
associated with a fold singularity. Interestingly, quite a similar lens configuration to
PG1115+080, MG0414+0534, having four images, holds a close pair of bright images A1
and A2 and the flux ratio A1/A2 ranges from ∼ 2 in I band to ∼ 1.1 at 8 GHz (Falco,
Leha´r, & Shapiro 1997). As the radio flux ratio is close to unity as predicted from a smooth
lens model with a fold singularity, this system may be affected by either of microlensing
by stellar mass objects (Witt, Mao, & Schneider 1995) or dust extinction in the lens
(Angonin-Willaime et al. 1999). Searches for other similar lens systems to PG1115+080
will be very useful for setting limits on the probability of showing a discrepant flux ratio.
Besides the above particular cases, we anticipate that the effects of CDM subhalos on
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lensed images are less significant for other lens systems without association of a cusp or fold
singularity, and the effects of dwarf satellites may be essentially null for such lens systems,
although it is beyond the scope of the paper to consider it in more detail.
As mentioned above, microlensing events by stellar mass objects, which also affect
brightness of background sources, are unlikely to explain the radio flux ratios of the
concerned lens systems, as the radio sources have a much larger extension than the Einstein
radius of a stellar mass. Also, if the luminosity profile of the lens galaxies is represented by
a de Vaucouleurs law, the effective radius is only 0.”6 for the lens of PG1115+080 (Impey
et al. 1998), compared to 1.”1 – 1.”2 for the positions of the images A1 and A2 from the
lens center, and the lens of B1422+231 has probably a similar effective radius (because of
similarity in its magnitude and redshift to the former case), compared to the positions of
the images A, B and C (1.”0 – 1.”1 from the center). Thus, the probability of microlensing
by stars is expected to be small for the concerned images.
We finally remark that in the highly magnified lens systems as considered here, one
should cautiously use the constraints on lens parameters obtained from radio fluxes, because
they are easily affected by CDM subhalos. The perturbation effect of substructure on the
lensing is boosted by the undisturbed amplification factor of images (Metcalf & Madau
2001), so that the highly magnified images associated with a singularity yield only weak
constraints on the model; other, more weakly amplified images provide stronger constraints
(MS). Also, as was already mentioned in MS, the typical perturbations of CDM subhalos
to lens potentials, of the order of only 1 %, are too small to affect the determination of H0
from the time delay measurement.
The author is grateful to N. Sugiyama, T. Hamana and K. Otsuki for their useful
comments on this work. He also thanks the anonymous referee for useful suggestions and
comments on the manuscript.
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Table 1. Lens Parameters
QSO θ0 f φg γ φs µi(i = 1− 4)
a αb Nb
(”) (◦) (◦)
B1422+231 0.78 0.84 −57.5 0.21 −53.9 A:7.54, B:−9.94, C:4.93, D:−0.38 −2.13 460
PG1115+080 1.15 0.86 102.2 0.11 52.5 A1:13.53, A2:−12.38, B:−3.03, C:3.79 −2.06 574
aMagnification factors for four lensed images.
bPower-law index α for the surface distribution of globular clusters and their total number N , based on
the estimate of MV = −20.62 mag and −20.86 mag (for h = 0.75) for the lens galaxies of B1422+231 and
PG1115+080, respectively.
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Fig. 1.— The lens configurations of B1422+231 and PG1115+080. Open circles show the
observed positions of the images, whereas crosses show the best-fit positions of the images
in our lens models. The source positions are indicated with solid circles. Solid and dotted
lines denote the caustics and critical curves. Note that these lens systems are characterized
by a cusp and fold singularities in the positions of the sources, respectively.
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Fig. 2.— Adopted cumulative mass functions of dwarf satellites (dashed line) and CDM
subhalos (solid line) inside R = 200 h−1 kpc.
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Fig. 3.— The probability distributions of the flux ratios for B1422+231 (left panels, in
units of flux B) and for PG1115+080 (right panels, in units of flux A1). Upper panels show
the cases of globular clusters (dashed lines) and dwarf satellites (solid lines) as perturbers,
whereas lower panels show the case of CDM subhalos. Solid bars denote the observed flux
ratios of A/B and r ≡ (A + B + C)/(|A| + |B| + |C|) for B1422+231 and A2/A1 for
PG1115+080.
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Fig. 4.— Comparisons between amplification factors of two specific images in B1422+231
(panels a: B vs A, panel b: B vs C) and in PG1115+080 (panel c: A1 vs A2, panel d: A1 vs
B), in the case of CDM subhalos. Dotted lines denote the unperturbed amplification factors
and solid lines indicate the observed flux ratios.
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Fig. 5.— The probability distributions p(δα) of the perturbed deflection angles δα for the
four images of B1422+231, caused by globular clusters [panel (a), solid lines], dwarf satellites
[panel (b), dotted lines)], and CDM subhalos [panel (b), solid lines]. In panel (b), upper
panel shows the case of 0.09 ≤ r ≤ 0.13, i.e. r is close to the value from the prediction of the
undisturbed, smooth lens model (r = 0.113), whereas lower panel corresponds to the range
0.18 ≤ r ≤ 0.22 which includes the observed value (r = 0.20).
